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Abstract. The Self-Consistent RPA (SCRPA) approach is elaborated for cases with a continuously broken
symmetry, this being the main focus of the present article. Correlations beyond standard RPA are summed
up correcting for the quasi-boson approximation in standard RPA. Desirable properties of standard RPA
such as fullfillment of energy weighted sum rule and appearance of Goldstone (zero) modes are kept. We
show theoretically and, for a model case, numerically that, indeed, SCRPA maintains all properties of
standard RPA for practically all situations of spontaneously broken symmetries. A simpler approximate
form of SCRPA, the so-called renormalised RPA, also has these properties. The SCRPA equations are first
outlined as an eigenvalue problem, but it is also shown how an equivalent many body Green’s function
approach can be formulated.
PACS. 21.60.Jz , 31.15.Ne, 71.10-w
1 Introduction
The present trend in many body physics mostly goes in
the direction of a direct numerical treatment of the prob-
lem at hand. As examples, one could cite Quantum Monte
Carlo (QMC) [1,2] and Density Matrix Renormalisation
Group (DMRG) techiques [3,4] which are very success-
full. On the other hand it may also be interesting to make
advances in many body theory proper. We will try to do
this in this work employing the equation of motion (EOM)
technique (see e.g. [5]). We think that this formalism has
not been exploited to its full power in the past. For ex-
ample, as is well known, the fullfillment of sum-rules and
appearance of Goldstone modes in systems with sponta-
neously broken symmetries are corner stones of any valu-
able many body theory. We will dwell on this specific as-
pect in this work. Unfortunately, going beyond basic ap-
proaches like Hartree-Fock (HF)-RPA and/or BCS-QRPA
(quasi-particle RPA) [6], it becomes immediately a non-
trivial problem to satisfy those properties. There exists the
approach of Φ derivable functionals promoted by Kadanoff
and Baym [7]. However, it is mostly very difficult to im-
plement this numerically beyond HF-RPA (BCS-QRPA),
the lowest order approach, because this technique involves
in general vertices which depend on more than one energy
and, thus, the equations will not only be integral equations
in coordinate or momentum spaces but in addition one
will have to deal with integrals in energy space what ren-
ders most of the problems very complicated. In this work,
we want to advocate a different route where we extend
the standard HF-RPA (BCS-QRPA) approach including
higher correlations without destroying the aforementioned
desirable properties. As mentioned, our approach is based
on the equation of motion method and leads to a self-
consistent version of RPA (SCRPA) which largely over-
comes a well known defect of standard RPA, the quasi-
boson approximation. There is one point where this defect
is easy to trace: RPA, besides excitations, also describes
correlations in the ground state. However, fermion occu-
pation numbers used in RPA are the uncorrelated ones, a
clear contradiction which is due to the neglect of the Pauli
principle. The SCRPA cures this point in using correlated
occupation numbers which couple back to the RPA. Ad-
ditional Pauli corrections as vertex screening are also in-
cluded. We will show applications to various exactly solv-
able models and demonstrate the strong improvement of
SCRPA over standard RPA. We will treat Fermi systems
but we think that the approach can be applied to Bose
systems as well.
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The paper is organized as follows. In Section II we give
a short outline of SCRPA. A very simplifying approxima-
tion thereof, the renormalised RPA (r-RPA) is presented
in Sction III. In Section IV the Goldstone mode is ana-
lyzed and in Section V it is shown that the energy weighted
sum-rule is fulfilled within SCRPA. In Section VI, we ap-
ply SCRPA to the Hubbard and pairing models and we
demonstrate numerically with a three level model that, in-
deed, the Goldstone (zero) mode appears. In Section VII,
we show how SCRPA can equivalently be formulated with
many body Green’s functions. In the last Section we draw
our conclusions.
2 Self Consistent Random Phase
Approximation (SCRPA)
As mentioned, our theory will be based on the Equation of
Motion (EOM) approach. We will be rather short with the
presentation of the formalism, since it has been exposed
several times before [5,8,9,10,11,12]. For finite systems
with discrete levels, the EOM mostly is applied so that
an eigenvalue problem results. We will follow first this
route but later also outline the equivalent Green’s function
approach which is mostly applied in condensed matter for
infinite homogeneous systems. Then for finite systems, if
we want to stay within RPA, one may make the following
ansatz for an excited state of the system [5]
|ν〉 = Q˜†ν |0〉 , (1)
where in general Q˜†ν = |ν〉〈0| is a complicated many body
operator, |0〉 and |ν〉 being exact ground and excited states
of the system, respectively. To lowest order, we may con-
sider the one body operator
Q˜†ν =
∑
αβ
χ˜ναβa
†
αaβ , (2)
where a†α, aβ are single particle creation and annihilation
operators in a general basis but which, to fix the ideas,
may be chosen to correspond to a diagonalisation of the
single particle density matrix, the so-called canonical ba-
sis. In EOM, one also always supposes that there exists a
ground state which is the vacuum to the destructors Q˜ν ,
i.e.,
Q˜ν |0〉 = 0 . (3)
There are many ways to derive standard HF-RPA. One
of the best known is the linearisation of the Time Depen-
dent HF (TDHF) equations, see, e.g., [13]. Here, we want
to go a slightly different way. Let us consider the nor-
malised energy weighted sum rule
Ων =
1
2
〈0|[Q˜ν , [H, Q˜†ν ]]|0〉
〈0|[Q˜ν , Q˜†ν ]|0〉
=
∑
µ(Eµ − E0)〈0|Q˜ν |µ〉|2∑
µ〈0|Q˜ν |µ〉|2
, (4)
where Eµ and E0 are supposed to be exact eigenvalues of
the Hamiltonien H corresponding to the eigenstates |0〉
and |µ〉. Therefore Ων can be considered as some average
excitation energy and it is this quantity which we want to
minimise. As we will see, the summation in (2) must ex-
clude the diagonal terms with indices α = β. In addition,
we want the states |ν〉 to be normalised. Accordingly we
write for (2) more explicitly
Q†ν =
∑
α>β
[XναβδQ
†
αβ − Y ναβδQαβ ] , (5)
where
δQ†αβ =
Aαβ√
Mαβ
, Aαβ ≡ a†αaβ (6)
are the normalised pair creation operators
with
〈α|Mˆ |β〉 ≡Mαβ = nβ − nα , (7)
where
nα = 〈0|a†αaα|0〉 , (8)
are the single particle occupation numbers. With this choice
and with 〈ν|ν〉 = 〈0|[Qν , Q†ν ]|0〉, one immediately verifies
that with
∑
α>β
(
|Xναβ |2 − |Y ναβ |2
)
= 1 , (9)
the excited states |ν〉 are normalised under the assump-
tion that we work in the canonical basis where the single
particle density matrix only has diagonal elements, that is
ραβ = 〈0|a†βaα|0〉 = nαδαβ . From (7) and (6), we see that
the configuration α = β must be excluded in (5).
With these definitions, we obtain from the minimisa-
tion of the sum rule (4) the following eigenvalue equation
(
A B
B∗ A∗
)(
Xν
Y ν
)
= Ων
(
1 0
0 −1
)(
Xν
Y ν
)
, (10)
where
Aαβα′β′ = 〈0|
[
δQαβ,
[
H, δQ†α′β′
]]
|0〉 , (11)
and
Bαβα′β′ = −〈0|
[
δQαβ ,
[
H, δQα′β′
]]
|0〉 . (12)
For the following it is useful to introduce the quantities
S =
(
A B
B∗ A∗
)
, X =
(
X Y ∗
Y X∗
)
,
N0 =
(
1 0
0 −1
)
. (13)
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We realise that (10) has exactly the same mathematical
structure as standard RPA [13]. For instance, we see that
the eigen vectors χν with components Xν and Y ν form a
complete orthonormal set.
Equation (10) can then be written in a more compact form
as
SX = N0XΩ , (14)
whereΩ is a diagonal matrix with real eigenvaluesΩν ,−Ων ,
if S is positive definite.
The closure relation is∑
ν
(XναβX
ν
α′β′ − Y ναβY να′β′) = δαα′δββ′ . (15)
The orthonormality relations allow us to invert the oper-
ator (5). For α > β we have
a†αaβ =
√
Mαβ
∑
ν
(Xν∗αβQ
†
ν + Y
ν∗
αβQν)
a†βaα =
√
Mαβ
∑
ν
(XναβQν + Y
ν
αβQ
†
ν) . (16)
With (3), it then follows that the density matrix 〈0|a†αaβ |0〉
only has diagonal elements, as it was introduced already
after (9).
It can immediately be verified that, if all expecta-
tion values in (10) are evaluated with the HF ground
state, then the standard RPA equations [13] are recovered
with, in particular, onlyXνph and Y
ν
ph amplitudes surviving
where the indices p(h) stand for ’particle (hole)’, i.e., in-
dices above (below) the Fermi energy. The equations (10)
are, however, much more general and it is obvious that,
if the expectation values in (10) are evaluated with the
RPA ground state obeying (3), then the matrices A and
B will depend in a complicated nonlinear way on the am-
plitudes X and Y . This we will call the Self-Consistent
RPA (SCRPA).
Before we come to the explicit evaluation of the ma-
trix elements A,B in (10) and to the discussion of sponta-
neously broken symmetries together with sum-rules, Gold-
stone modes, etc., we first shall deal with the so far open
but very important question of the optimal single particle
basis. As usual, we will obtain this from the minimisa-
tion of the ground state energy with respect to the basis.
We will show that this minimisation is equivalent to the
following additional equation of motion
〈0|[H,Q†ν ]|0〉 = 〈0|[H,Qν ]|0〉 = 0 , (17)
which obviously is correct if |0〉 is an eigenstate of H .
Because there are as many operators Q†ν , Qν as there are
components a†αaβ , a
†
βaα, we also can write for (17)
〈0|[H, a†αaβ]|0〉 = 〈0|[H, a†βaα]|0〉 = 0 , (18)
where we again recall our convention α > β. Equations
(18) are of the one body type and one can directly ver-
ify that with a Slater determinant as ground state, they
reduce to the HF equations.
Minimising the ground state energy with respect to the
basis, let us first write the hamiltonian in our general sin-
gle particle basis with greek indices more explicitly. Sup-
posing that the hamiltonian is originally given in the basis
of plane waves which are written in the sought for basis
as c†k =
∑
αR
∗
α,ka
†
α where k includes momenta, spin, and
isospin, the hamiltonian with two body interactions in the
new basis reads
H =
∑
kαβ
ekR
∗
α,kRβ,ka
†
αaβ
+
1
4
∑
v¯k1k2k3k4R
∗
α,k1R
∗
β,k2Rγ,k3Rδ,k4a
†
αa
†
βaδaγ ,
(19)
with ek = k
2/(2m) the kinetic energy and v¯k1k2k3k4 the
antisymmetrised matrix element of the two body interac-
tion. The corresponding variational equation are obtained
from
∂
∂R∗α,k
(
〈0|H |0〉 −
∑
β
Eβ
∑
k
R∗β,kRβ,k
)
= 0 , (20)
∂
∂Rα,k
(
〈0|H |0〉 −
∑
β
Eβ
∑
k
R∗β,kRβ,k
)
= 0 , (21)
where, as usual, we ensured with Lagrange multipliers that
the transformation is unitary. For the common situation
where the transformation is real, this yields the following
eigenvalue problem∑
k′
Hkk′Rα,k′ = EαRα,k , (22)
with
Hk1k2 = hMFk1k2 +
1
2
∑
k3k4k5
v¯k1k3k4k5Ck4k5k2k3 , (23)
and the mean field (MF) hamiltonian given by
hMFkk′ = ekδkk′ +
∑
k1k2
v¯kk1k′k2ρk2k1 . (24)
The single and two particle density matrices correspond-
ing to the operators ρˆ and Cˆ, respectively, are
ρk1k2 = 〈0|a†k2ak1 |0〉
Ck1k2k3k4 = 〈0|a†k1a
†
k2
ak4ak3 |0〉 − (ρk1k3ρk2k4
− ρk1k4ρk2k3) , (25)
It is now easy to show that (18) and (22) are equivalent.
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Supposing that we work in this optimised single par-
ticle basis with greek indices, we obtain for the SCRPA
matrix in (14) [14]
S˜αα′,ββ′ =
√
Mαα′(eαβδα′β′ − eα′β′δαβ)
√
Mββ′
+ δα′β′
1
2
∑
γγ′γ′′
v¯αγγ′γ′′Cγ′γ′′γβ
− δαβ 1
2
∑
γγ′γ′′
v¯γγ′α′γ′′Cβ′γ′′γγ′
+ Mαα′ v¯αβ′α′βMββ′
+
∑
γγ′
(v¯αγβγ′Cβ′γ′α′γ + v¯β′γα′γ′Cαγ′βγ)
− 1
2
∑
γγ′
(v¯αβ′γγ′Cγγ′α′β + v¯γγ′α′βCαβ′γγ′ ),
(26)
where we introduced the non-diagonal kinetic energies eαβ
and S˜ = Mˆ1/2SMˆ1/2 and supposed that the single parti-
cle density matrix is also diagonal, as stated after (16). It
seems, however, clear that density matrix and single par-
ticle Hamiltonian (24) cannot be diagonal simultaneously.
This contradiction stems from the fact that the killing con-
dition (3) cannot be satisfied exactly. With (5) it is only
satisfied to good approximation choosing, e.g., the ground
state wave function to be the one of Coupled Cluster The-
ory (CCT) at SUB2 level, as this is discussed in detail in
ref. [15].
In order to establish selfconsistency, we must express
the matrices of Mˆ and Cˆ by the amplitudes X,Y . To this
end, we write
δαβ′δβα′nβ(1 − nα) + Cαβα′β′ = 〈a†α′aαa†β′aβ〉 , (27)
with abreviation 〈...〉 = 〈0|...|0〉. With (16) and the killing
condition (3), we can express this correlation function for
α 6= α′ and β 6= β′ by X and Y together with single
particle occupation numbers nα.
Concerning the s.p. occupation numbers, we refer to
expressions derived earlier in the literature employing the
so-called number operator method, see e.g., [11]. We also
have derived these expressions from the Coupled Cluster
(CC) wave function at level SUB2 [15]. In model cases it
has been shown that this wave function fullfills the killing
relation (3) to very good accuracy [10] as was mentioned
already above. The equations read
nh = 1− 1
2
∑
p,ν
Mph|Y νph|2 = 1−
1
2
∑
p
〈a+p aha+h ap〉 , (28)
np =
1
2
∑
h,ν
Mph|Y νph|2 =
1
2
∑
h
〈a+p aha+h ap〉 , (29)
or
Mph = 1− 1
2
∑
p,ν
Mph|Y νph|2 −
1
2
∑
h,ν
Mph|Y νph|2 . (30)
Let us remind that p(h) stand for greek indices above (be-
low) the Fermi surface.
The correlation functions 〈a†αaαa†βaβ〉 need extra care.
If α = β, there is no problem since the expression re-
duces to a single particle occupation number which we
just treated above. In the case α 6= β, we can write (please
be aware that all greek quantum numbers represent just
a single quantum state)
〈a†αaαa†βaβ〉 = nα − 〈a†αaβa†βaα〉, α 6= β . (31)
Again, we can now express the two body correlation func-
tion in (31) by the X,Y amplitudes and all single and two
body density matrices can be fully included in a selfcon-
sistent solution of the SCRPA equations (10).
The efficiency of the method has been demonstrated in
several earlier publications [8,9,10,11,12]. Examples will
be given below including one with a broken symmetry with
the appearence of a Goldstone (zero) mode which is the
main subject of this paper.
3 Renormalised RPA
A very much simplified version of SCRPA consists in the
so-called renormalised RPA (r-RPA). It simply is obtained
in discarding in (26) and (27) the two-body correlations
Cˆ, keeping, however, the correlated occupation numbers
(28-30).
H(r)k1k2 = hMFk1k2 (32)
S˜(r)αα′,ββ′ = (Eα − Eα′)Mαα′δαβδα′β′
+ Mαα′ v¯αβ′α′βMββ′
(33)
Since the correlated occupation numbers are rounded
near the Fermi surface, we again can consider an RPA op-
erator with all configurations besides diagonal generators.
This feature preserves the property of fullfillment of sum
rule and appearance of Goldstone (zero) modes to be dis-
cussed below. In a way, r-RPA is the most direct extension
of standard RPA: we know that standard RPA accounts
for correlations. However, as already mentioned, the RPA
equations are set up, e.g., with uncorrelated occupation
numbers. In r-RPA this contradiction is lifted. The per-
formance of r-RPA is somewhat between standard and
SCRPA [10,11,8]
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4 Goldstone modes
It is well established that the standard HF-RPA (BCS-
QRPA) approach exhibits a Goldstone (zero) mode if the
HF solution corresponds to a continuously broken symme-
try. For finite systems, with discrete quantum numbers,
one mostly talks about a zero or spurious mode. For ex-
ample, for nuclei and other selfbound Fermi systems like
3He droplets, HF always breaks translational invariance
and the corresponding RPA shows a zero mode [17,16,13]
which corresponds to a coherent displacement of the whole
system. In trapped cold atom gases the corresponding
mode is the Kohn mode where the atom cloud oscillates
coherently in an external harmonic trapping potential [18,
19]. Within BCS-QRPA, one obtains in infinite matter be-
cause of broken particle number U(1) symmetry a Gold-
stone mode, the so-called Bogoliubov-Anderson mode [20,
21,22] Also in finite superfluid systems, like many super-
fluid nuclei, zero modes appear [23,24].
As mentioned, these Goldstone (zero) modes reflect
basic principles of quantum mechanics and it is very im-
portant not to destroy this property in theories which go
beyond the HF-RPA scheme. In this respect, what is the
situation with the SCRPA approach outlined above? As
we see from (4), the crucial point is that the Q† opera-
tor can represent the symmetry operator (let us call it Pˆ )
in question as a particular solution of SCRPA equations
and that the relation [H, Pˆ ] = 0 is not destroyed in the
course of applying the formalism. In standard RPA, only
the ph and hp components of the symmetry operator en-
ter the equations. One can ask the question why the zero
mode appears nonetheless. The answer comes from the
fact that even if one included the pp and hh matrix ele-
ments of Pˆ into the RPA, these elements become, in the
HF basis, completely decoupled from the rest of the RPA
equations. Therefore, in standard RPA, it is as if the to-
tality of the symmetry operator were included and, thus,
the Goldstone mode is present nonetheless. In SCRPA all
components of the symmetry operator, besides the diago-
nal ones, are present and they all play a role. Therefore,
one may think that if Pˆαα = 0, then in any case the Gold-
stone mode will come in the solution. In this respect, we
must remember that SCRPA joins HF-RPA in the weak
coupling limit. Therefore, the inclusion of the generalised
mean field (MF) equation (22) must also be assured for
the appearance of a zero mode. In analogy to the HF-RPA
scheme, one may talk of the MF-SCRPA scheme to imply
a zero mode in the broken symmetry case. In the next
section, we will demonstrate explicitly the appearance of
the Goldstone mode with an application to a model case.
All this holds true under the condition that Pˆαα = 0.
Many symmetry operators have this property. This is the
case for the linear momentum because of its odd parity.
So the zero mode corresponding to translational motion
will come in selfbound systems like nuclei or 3He droplets.
Equally the above mentioned Kohn mode in trapped cold
atom systems. Some systems may be deformed and then
rotational symmetry is broken. The angular momentum
operator has no diagonal elements either because it is not
time-reversal invariant.
More subtle is the question of pairing which is one of
the broken symmetries often encountered in Fermi sys-
tems. Indeed, in this case, the symmetry operator is the
particle number operator Nˆ =
∑
α a
†
αaα. In quasiparticle
representation a†α = uαq
†
α − vαq−α this becomes
Nˆ =
∑
α
[v2α + u
2
αq
†
αqα − v2αq†−αq−α
− uαvα(q†αq†−α + q−αqα)]. (34)
which contains a hermitian diagonal piece which cannot be
included into the (quasi-particle) RPA operator Q† as we
discussed already above. In this case the standard BCS-
QRPA scheme [13], analogous to HF-RPA in the non-
superfluid case, shows, as well known [23,24], a zero mode
because the so-called scattering terms (q†q) drop out of
the QRPA equations. However, with the Self-Consistent
QRPA(SCQRPA) this is not the case and in general the
zero mode will be absent. As it turns out, this is only a
problem for finite systems. For homogeneous infinite mat-
ter we have as QRPA operator
Q†q =
∑
k>0
[Xqk q
†
q−kq
†
k − Y qk qq−kqk
+ Z(+)qq†q+kqk − Z(−)qk q†−kqq−k] (35)
where q is the c.o.m. momentum of the pair excitation (we
suppressed spin indices). So, as long as q is not strictly
zero, we can include the scattering terms and one will
approach the zero mode in the limit as q→ 0. One realises
that in finite systems with discrete levels, the zero mode
is absent in MF-SCQRPA and one will have to extend
the theory. This can be done in including to the QRPA
operator, besides the one body sector, the two body sector
what will allow the inclusion of diagonal hermitian one
body pieces in the QRPA operator and the zero mode is
saved. Some works on including the two-body sector can
be found, e.g., in [25] and references in there. However,
it shall not be the task of this work to enter into the
more complicated structure of this approach. It may be
investigated in future work. For the moment, let us be
satisfied that the Bogoliubov-Anderson mode [20] appears
in the infinite matter case.
Another particular case occurs, if we write the RPA
operator with collective ph operators as this may be intu-
itively the case when s.p. states are degenerate and which
often reduces the dimension of the SCRPA equations dras-
tically. The price to be paid are some extra complications
with certain two body correlation functions as we will dis-
cuss with the application to a model just below. However,
in general, the so-called m-scheme where one considers
quantum state by quantum state is preferable because the
complications with the evaluation of the density matrices
are absent. For example with the ansatz (35) the latter is
the case.
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5 Sum-rules
We show that the energy weighted sum rule, given by the
following identity
∑
ν
(Eν − E0)|〈ν|F |0〉|2 = 1
2
〈0|[F, [H,F ]]|0〉 (36)
is fullfilled within SCRPA. Here |ν〉 is a complete set of
eigenstates and F is a one body operator
F =
∑
αβ
fαβAαβ (37)
where Aαβ is defined in (6). One can show that the iden-
tity (36) is automatically fullfilled if one considers that
|ν〉 is the set of SCRPA or r-RPA eigenstates. By using
the inverse transformation of the basis operators Aαβ one
obtains ∑
ν
(Eν − E0)|〈ν|F |0〉|2
=
∑
ν
(Eν − E0)|〈0|[Qν , F ]|0〉|2
=
∑
ν
(Eν − E0)|
∑
αβ
fαβM
1/2
αβ (X
ν
αβ + Y
ν
αβ)|2 .
(38)
Using the general system of RPA equations with excitation
energy Ων = Eν − E0 one gets the following identity∑
ν
(Eν − E0)|〈ν|F |0〉|2
=
∑
αβ
fαβM
1/2
αβ
∑
γδ
fγδM
1/2
γδ (Aαβ,γδ −Bαβ,γδ) .
(39)
On the other hand by splitting the summations into α > β
and α < β parts and using the definitions of the RPA
matrices one obtains that the right-hand side of the Eq.
(39) has the same form
1
2
〈0|[F, [H,F ]]|0〉
=
∑
αβ
∑
γδ
fαβfγδ
1
2
〈0|[Aαβ , [H,Aγδ]]|0〉 . (40)
We would like to emphasise that this sum rule also
remains fulfilled in the case of broken symmetry, in spite
of the fact that for a zero energy eigenstate the amplitudes
X,Y diverge.
6 Applications to models
6.1 The Hubbard model
We shortly want to outline how our formalism works in the
Hubbard model and present some results. In momentum
space, the Hamiltonian is given by (see, e.g., [26])
H =
∑
k,σ
(ǫk − µ)nˆk,σ (41)
+
U
2N
∑
k,p,q,σ
a†k,σak+q,σa
†
p,−σap−q,−σ
where nˆk,σ = a
†
k,σak,σ is the occupation number oper-
ator and the single particle energies are given by ǫk =
−2t∑Dd=1 cos(kd) with the lattice spacing set to unity. It
is convenient to transform the fermion creation and anni-
hilation operators a†, a to HF quasi-particle operators. In
1D, we have
ah,σ = b
†
h,σ , ap,σ = bp,σ (42)
where h and p are momenta below and above the Fermi
momentum, respectively, so that bk,σ|HF〉 = 0 for all k
where |HF〉 is the Hartree-Fock ground state in the plane
wave basis. Introducing the operators
n˜k,σ = b
†
k,σbk,σ , (43)
J−ph,σ = bh,σbp,σ , J
+
ph,σ = (J
−
ph,σ)
† (44)
we write for the RPA operator
Q+q,ν =
∑
ph,σ
[X¯νph,σJ
+
ph,σ − Y¯ νph,−σJ−ph,−σ] (45)
With our Eqs. (28, 29) for the evaluation of the occu-
pation numbers, we also verify straightforwardly that
〈npσ〉 = 〈n˜pσ〉 =
∑
h
〈J+phσJ−phσ〉
=
∑
h,ν
(1− 〈Mphσ〉)|Y νphσ |2,
〈nhσ〉 = 1 − 〈n˜hσ〉 = 1−
∑
p
〈J+phσJ−phσ〉
= 1−
∑
p,ν
(1− 〈Mphσ〉)|Y νphσ |2 (46)
where 〈Mphσ〉 = 〈n˜hσ〉+ 〈n˜pσ〉, and more complicated ex-
pressions for the quadratic terms. Those expressions are
the same as derived in our earlier publication [26].
The Hubbard molecule. In the Hubbard model, the results
are again quite promising. For example the half filled 2-
sites problem, the so-called Hubbard molecule, is solved
exactly. This is not a totally trivial result. For example the
well known GW approximation fails in this respect [26].
The half-filled 6-sites chain. We show in Fig.1, for a choice,
the excitation spectrum for the momentum transfer |q| =
π. The abreviations ’ch’ and ’sp’ stand for ’charge’, i.e.
spin S = 0 and for ’spin’, that is S,M = 1, 0 excitations,
respectively. The results for |q| = 2π/3, π/3 are of similar
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0 0.5 1 1.5 2 2.5 3 3.5
U/t
0
0.5
1
1.5
2
2.5
3
3.5
ε/t
|q|=pi
ph −RPA standard
Exact
ph −SCRPA
ch
sp
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Fig. 1. Excitation spectrum for the transfer |q| = π as a func-
tion of U/t of the 6-sites half-filled Hubbard chain. ’sp’ and
’ch’ stand for spin and charge response, respectively.
0 0.5 1 1.5 2 2.5 3
U/t
−8
−7
−6
−5
−4
EGS/t
Exact
ph −RPA Standard
ph −SCRPA
HF
Fig. 2. Ground state energy as a function of U/t for the 6-
sites half-filled Hubbard chain with SCRPA, standard RPA,
HF, and exact solution.
quality [26]. In Fig.2, we show the ground state energy.
There is good agreement with the exact solution and it
presents a maximum error of about 0.8 percent at U/t =
3.5. In that figure, we also display the results of HF and
standard RPA. We can appreciate the gain in precision
with SCRPA.
In Figs. 3 and 4 , we show the occupation numbers, see
Eq.(46). We see that with SCRPA they compare very well
with the exact values and are very much improved over
the corresponding values from standard RPA (s-RPA). It
is worth mentioning that particle number is conserved,
0 0.5 1 1.5 2 2.5 3 3.5
U/t
0
0.02
0.04
0.06
0.08
0.1
npσ
Exat
SCRPA
s−RPA
pi2 /3
k=− pi
|k|=
Fig. 3. Particle occupation numbers for momenta k = π/3
and k = −π in SCRPA and standard RPA (s-RPA) for the
6-sites half filled Hubbard chain as a function of U/t.
0 0.5 1 1.5 2 2.5 3 3.5
U/t
0.8
0.85
0.9
0.95
1
nhσ
Exact
s−RPA
SCRPA
|k|=pi /3
k= 0
Fig. 4. Same as Fig. 3 but for hole occupations.
i.e., what is depleted below the Fermi surface is exactly
replaced by non-zero values above the Fermi surface. In
the macroscopic limit, this implies that the Luttinger the-
orem (see, e.g., [27]) is respected. Let us also mention that
the 1D Hubbard model has been solved with renormalised
RPA in the infinite system limit with interesting results
particularly in the strong coupling limit, [28].
6.2 Pairing model
The pairing or picket fence model (PFM) is the only one
where in the past the SCRPA scheme could be applied for
the first time without any approximation and without the
explicit knowledge of the vacuum [10]. This stemmed from
the fact that in this particular model with the Hamiltonian
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H =
∑
i
εiNi + V
∑
ik
P+i Pk (47)
and N two fold degenerate equidistant levels labeled with
the index ’i’, the occupation number operators can exactly
be expressed by the product of two fermion pair operators,
that is
Ni = 2P
†
i Pi (48)
with Ni = a
†
i+ai+ + a
†
i−ai− and P
†
i = a
†
i+a
†
i−. It is seen
that the pair operators are the ones which enter the Bo-
goliubov transformation of fermion pairs in the pp-SCRPA
Q+α =
∑
p
X¯αp P
+
p +
∑
h
Y¯ αh P
+
h (49)
and, therefore, with (3) it was possible in [10] to calculate
〈Ni〉 and 〈NiNj〉 completely selfconsistently and without
the use of any procedures external to the SCRPA ones.
We also remark that the evaluation of 〈NiNj〉 necessitates
the knowledge of four particle correlation functions what
makes the approach rather heavy. However, factorisation
〈NiNj〉 ∼ 〈Ni〉〈Nj〉 turned out to work quite well, thus
strongly simplifying the expressions [29].
In Figs. 5 and 6, we show results obtained with this fac-
torised approximation for the first excitation energy with
N =10 particles and the correlation energy, respectively,
as a function of the pairing coupling strength G. The ex-
act results were obtained from the equations established
by Richardson almost half a century ago [30].
Commenting on the SCRPA results, we see that they
are very much improved over standard ppRPA, [13]. On
the other hand, we also see from the sum rule relation
given in [10], Eq. (69), i.e.
∑
pp′〈NpNp′〉 =
∑
ph〈(2 −
Nh)Np〉 and Tables VII and XI in [10] that the Pauli prin-
ciple, is still slightly violated, of the order of 4−5 percent,
what stems from the fact that the killing condition (3)
is not exactly fulfilled. Let us mention that SCRPA was
solved in [10] and [29] among others for the case of 100 lev-
els where it is even difficult to solve the problem with the
Richardson equations. A very instructive example is the
N = 2, i.e., the single Cooper pair case. Though already
presented in [10], let us discuss it here again. In standard
RPA the excitation energy is given by
E ∝ √1−G
whereas in SCRPA the result is
E ∝ √1 +G .
The latter coincides, as already mentioned, with the exact
result. The RPA result shows the usual BCS instability at
G = 1. With SCRPA the vertex renormalisation from the
self consistency, i.e. screening, has effectively turned the
sign of G around and with screening the effective inter-
action is now repulsive ! This stems from the fact that
for N = 2 the constraint from the Pauli principle is, as
Fig. 5. First excited state in SCppRPA for N =10 as a function
of the pairing coupling strength G. The strong improvement
over standard ppRPA should be observed. The exact result is
presented by the full line
Fig. 6. Correlation energy for 10 particles from SCppRPA
compared with the exact result as function of coupling
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one easily realises, of maximum importance. It is testified
again with this example that the Pauli principle is very
well respected with SCRPA.
Let us also mention that the SCRPA scheme has been
generalised to finite temperatures using an equivalent Green’s
function formalism in an application to the PFM in [12]
with the same quality of results as at zero temperature. In
particular it could be shown that also in the PFM, there
opens a pseudo gap in the level density approaching the
critical temperature from above.
6.3 Goldstone mode within a 3-level spin model and
SCRPA
The SCRPA scheme is a selfconsistent in-medium two
body equation of the Schroedinger type. We think it is
amenable for numerical solution for realistic systems. How-
ever, this needs major investments and this is not available
at this moment. We, therefore, have chosen a simplified
model to demonstrate numerically the fullfillment of the
Goldstone mode. We have chosen the three level Lipkin
model which also can be seen as a three sites spin model,
corresponding to a SU(3) algebra [31]. This model has
been used in order to test different many body approxi-
mations [32,33]. We also have treated it already in [8] with
results of similar quality as in the two preceding models
of sections VI.1 and VI.2. Here we want to dwell specifi-
cally on the zero mode. It is so far the only model where
the appearance of the Goldstone (zero) mode has been
demonstrated in a numerical application with SCRPA.
By labeling the levels with 0, 1, 2, we consider the
following Hamiltonian written in some ’original’ basis
H =
2∑
k=0
ǫkSkk − V
2
2∑
k=1
(Sk0Sk0 + S0kS0k) , (50)
where ǫ0 = 0; ǫ1 = 1; ǫ2 = 1 +∆ǫ and
Skk′ =
N∑
µ=1
a†kµak′µ (51)
We suppose that the three levels have equal degeneracy N
and that in the non-interacting case the lowest level is full
so that N corresponds also to the particle number. The
operators (51) satisfy simple commutation relations
[Sk1k2 , Sk3k4 ] = δk2k3Sk1k4 − δk1k4Sk3k2 . (52)
Standard HF-RPA shows a zero mode in the so-called
deformed region where HF in the original basis is un-
stable and when the two upper level become degenerate
(∆ǫ = 0). This because the hamiltonian commutes with
the ’angular momentum’ operator Lˆ0 = i(S21 − S12). Ac-
cording to [31], the transformation matrix to the deformed
basis in (19) can be written as follows
R†αk =
(
cosφ sinφ 0
− sinφ cosφ 0
0 0 1
)
. (53)
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
-5 -4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
1
-5 -4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1
Fig. 7. (a) First SCRPA excitation energy for N = 20 and
ǫ1 = 0, ǫ2 = 1, ǫ3 = 1 + ∆ǫ versus log10∆ǫ (in arbitrary
units). (b) The ratio Y/X versus log
10
∆ǫ.
This means that we only have the single parameter φ to
be varied to obtain the ’deformed’ solution. First, let us
write down the RPA operator in the deformed basis
Q†ν = X
ν
10A10 +X
ν
20A20 +X
ν
21A21
− Y ν10A01 − Y ν20A02 − Y ν21A12 , (54)
where the A operators correspond to the S ones of (51)
but in the deformed basis.
We also write the Hamiltonian in the deformed basis
and then construct the SCRPA equations from the double
commutator relations (11, 12). While solving the SCRPA
equations we have to minimise the ground state energy
with respect to φ in order to fullfill the generalised mean
field equation (18). The latter can be calculated as a func-
tion of X,Y, φ in expressing its expectation values from
the inversion of (54) and then using (3). Our procedure
works with collective generators what seems natural in
this model, since we can suppose that the non-collective
states decouple to a large extent from the rest of states.
Working with the individual quantum states (m-scheme)
would considerably complicate the solution of the model
with the SCRPA scheme. Employing the collective opera-
tors has, however, the disadvantage that expectation val-
ues of products of diagonal operators as 〈A00〉, 〈A00A22〉,
etc. cannot directly be expressed with the X,Y ampli-
tudes. We, therefore, in [8] found expressions via the uni-
tary operator method what yields
nα ≈
[
yαα + y11y22/N
]
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×
[
1 + 2(y11 + y22)/N + 3y11y22/N
2
]−1
α = 1, 2 , (55)
where yαβ =
∑
ν Y
ν
α0Y
ν
β0. Here, evidently n0 = N−n1−n2
and nα = 〈Aαα〉. For the quadratic terms we obtain [8]
〈A00Aαα〉 ≈ N − 1
N
〈Aα0A0α〉
− 1
N2(N − 1)(〈A
2
α0A
2
0α〉+ 〈A10A20A02A01〉)
〈A11A22〉 ≈ 1
N(N − 1) 〈A10A20A02A01〉 .
(56)
Evaluating the four body correlation functions with
the inversion (16) and the killing condition (3), one ob-
tains a set of linear equations for the two body correlation
functions with diagonal A opertors which can be solved.
With this, we get the solution of the SCRPA equations
in the deformed regime. In Fig. 7 (a) we show the energy
of the first excited state as a function of ∆ǫ = ǫ2 − ǫ1
(in arbitrary units). As already mentioned, in the limit
∆ǫ→ 0 a zero mode should appear. We see that there is a
rapid decrease of the first excitation energy Ω1 to zero. Of
course the whole system of SCRPA equations is very sen-
sitive to numerical accuracy. For instance the minimum of
the ground state energy at φ = φ0 is not easy to deter-
mine with high accuracy which we estimate to be of order
10−3. With this, for ∆ǫ = 10−5, we obtain an excitation
energy of order 10−2. It also is interesting to follow the
values of the X,Y amplitudes. In Fig. 7 (b) we show the
evolution of their ratio Y/X as it approaches one. At ex-
actly zero excitation energy the amplitudes would diverge.
Here, they are still of reasonable value, i.e. X ∼ Y ∼ 20.
It is worth mentioning that even a very tiny inaccuracy
in φ0 destabilises the zero mode showing that it is ab-
solutely neccessary to work in the basis which fullfills eq.
(18). The scenario stays more or less the same, if instead of
SCRPA the simpler r-RPA is applied (see Section III). We
think that this is a very instructive example which clearly
demonstrates that SCRPA in the form presented here with
all components included conserves all appreciated proper-
ties of standard HF-RPA. To the best of our knowledge,
we do not know of any other method which with more or
less equal performances obtains the zero mode in a simi-
larly easy way. Even for this simple model the realisation
of the zero mode with the Φ derivable functional [7] would
be very combersome.
7 A short outline of the equivalent Green’s
function description of the equation of
motion method
In condensed matter physics dealing with homogeneous
infinite systems, one usually does not formulate the prob-
lems in the form of an eigenvalue equation. One rather
employs propagators or many body Green’s functions. Of
course, it is clear that every eigenvalue problem has a
corresponding formulation with Green’s functions but it
may be useful to give some more details on the ingredi-
ents of the present formalism. However, the Green’s func-
tion equivalent to the eigenvalue equation of SCRPA (10)
is, in a way, somewhat particular. As one may immedi-
ately realise, it cannot come from the familiar many time
Green’s function approach where, e.g., the two body prop-
agator (and also its integral kernel) depends on four times
once one goes beyond the standard HF-RPA scheme. This
stems from the fact that in an eigenvalue problem only
one energy (the eigenvalue) is involved and then the cor-
responding integral equation for the Green’s function also
can involve only one energy, even in the integral kernel.
Though the formalism has been described in earlier pub-
lications, see, for instance, refs. [12] and [14], we feel that
it may be helpful for the reader to give a short outline of
the procedure. To this purpose, we write down the corre-
sponding integral equation form of (14), that is the Bethe-
Salpeter equation
( h¯ω − Ek1 + Ek2)G˜ωk1k2k3k4
= N0,k1k2 [δk1k3δk2k4 +
∑
k
3′
k
4′
Sk1k2k3′k4′ ]G˜ωk3′k4′k3k4(57)
Inserting the spectral representation for the Green’s
function
G˜ω =
∑
µ
χµNµχ
µ∗
h¯ω −Ωµ + iηNµ (58)
where the sum goes over positive and negative values of
µ and Nµ = −N−µ, Ωµ = −Ω−µ, and taking the limit
h¯ω → Ων , we obtain in comparing the singularities on left
and right hand sides, the eigenvalue equation (14).
In order to see how this scheme with the equation of
motion technique can go on and lead to an ω-dependent
term in the integral kernel of the Bethe-Salpeter equation,
we extend the opertor (2) to include a two body term as
a first extension, eventually higher order terms
Q˜†ν =
∑
[χ˜αβa
†
αaβ + X˜αβγδa†αa†βaδaγ + ...] (59)
This leads to an extended eigenvalue problem involv-
ing also the two body amplitudes X . Eliminating the lat-
ter from the coupled equations of one body and two body
amplitudes, one obtains an effective equation for the χ
amplitudes with an effective, energy dependent potential
containing implicitly the two body amplitudes. This ef-
fective potential can be qualified to corresponds to the
ω dependent part of a two body self energy. This proce-
dure can formally be pushed up to the N-body amplitudes
leading thus to an exact two body Dyson equation form, in
analogy to what is known from the single particle Green’s
function.
Let us shortly show how the same scheme can be ob-
tained beginning directly with the Green’s function. We
start with the following chronological propagator
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Gt−t′12 = −i〈0|TA1(t)A+2 (t′)|0〉, (60)
with A(t) = eiHtA(0)e−iHt, T the time ordering operator
and
A1 = a
†
k
1′
ak1 , A
†
2 = a
†
k2
ak
2′
where a+, a are fermion creation and destruction opera-
tors, respectively and the Green’s function in (60) is thus
a density-density correlation function. It is always under-
stood that the indices ki comprise, as before, momentum
and spin and, eventually more quantum numbers, such
as isospin, etc. We remark that in this definition of the
Green’s function we put pairs of fermion operators on
equal times so that the Green’s function depends only on
one time difference at equlibrium. The G˜ Green’s function
(58) is related to G of (60) in replacing in the latter the
A1 by A˜1 = a
†
k
1′
ak1/
√
Mk
1′
k1 , etc.
We now claim that for the two time Green’s function (60),
one can write down in a well defined way a formally exact
integral equation with an integral kernel which also de-
pends only on one time difference (or in energy space on
one energy h¯ω). We, thus, write
Gω = Gω0 + Gω0 ΣωGω , (61)
where it is understood that this is a matrix equation with
matrix multiplication of the various products. The low-
est order Green’s function G0 is thereby given for, e.g., a
translationally invariant system as
Gω0,12 =
nk′
1
− nk1
h¯ω − Ek1 + Ek′
1
δk1k2δk′1k′2 (62)
where nk = 〈0|a†kak|0〉 are the single particle occupation
numbers and Ek = k
2/(2m)+
∑
k′ v¯kk′kk′nk′ are the mean
field energies.
In principle, Eq. (61) may thus serve as a definition
of the kernel Σω. It turns out that Σω is a well defined
object for which expressions in terms of usual correlation
functions and Green’s functions can be given, see, e.g.,
[14]. This kernel can be considered as some kind of higher
order self energy, here the self-energy of density fluctua-
tions. As the well known self-energy of the single particle
Green’s function, it splits into an instantaneous, energy
independent part Σ0 and an explicitly energy dependent
part Σr(ω). It can be shown that Σ0 is equivalent to the
matrix S in (14) as this is explained in [14]. Therefore
(14) and (61)) are equivalent once Σω is replaced by its
static part Σ0. Mathematically, this can be seen quite
straightforwardly in applying the equation of motion to
the propagator (60): i ∂∂tG12 = δ(t − t′)〈0|[A1, A+2 ]|0〉 −
i〈0|T[A1, H ]tA+2 (t′)|0〉. Applying now the equation of mo-
tion a second time to the time t′ figuring in the correlation
function which appears on the r.h.s. of this equation, one
realises that the part which acts on the chronological oper-
ator T leads to the double commutator also involved in S
of Eq.(14) and, consequently, in the instantaneous part of
the self energy Σ0. The application of the time-derivative
on t′ contained in A+2 (t
′) will lead to the energy dependent
part of the self-energy in (61). This brief outline should
only serve to give the reader a quick feeling how such a
somewhat unusual integral equation like (61) with an inte-
gral kernel depending only on one energy can be obtained.
For a more detailed outline, we refer the reader to [14].
Concerning the practical solution of (57), it can be
seen from (14), that the static part only contains up to
two body correlation functions which can be calculated
from (57) and, thus, a selfconsistent cycle is established.
As just explained, the dynamic, explicitly energy depen-
dent part contains the coupling to higher configurations
involving four body propagators. Their inclusion leads in
some approximation to what is known in the equation of
motion method as the second RPA equations.
It may be worth mentioning that a perturbative anal-
ysis of Σ in (61)) shows that the terms are not equivalent
to Feynman diagrams. Nevertheless, one can present the
various terms in Σ0 (or equivalently in S of eq (14)) by the
graphs shown in Fig. 8. If in this figure the two body corre-
lation functions are replaced by the interaction, the stan-
dard second order perturbation graphs emerge with, how-
ever, the particularity that they occur instantaneously,
that is they do not propagate. Even, if the correlation
functions in Fig. 8 are replaced by their full expression,
the graphs stay, as indicated in the figure, instantaneous.
This feature results from the minimisation of the energy
weighted sum rule as explained in section 2.
Similar type of equations with integral-kernals depend-
ing only on one frequency are obtained from the hyper-
netted chain equations, see [34].
8 Discussion and Conclusions
In this work we summarized some results obtained with
SCRPA. With respect to earlier publications, we elabo-
rated on a particular aspect of the Self-Consistent RPA
(SCRPA) approach for cases with a continuously broken
symmetry which concerns the appearance of a Goldstone
(zero) mode and the fullfillment of the energy weighted
sum-rule. This SCRPA sums up correlations beyond stan-
dard RPA and it is, a priory, not evident that the desirable
properties of standard RPA such as being a conserving ap-
proximation implying fullfillment of energy weighted sum
rule and appearance of Goldstone (zero) modes are main-
tained. In fact it is known that maintaining these prop-
erties in beyond standard RPA approaches is particularly
difficult and a strongly debated subject in the literature,
see e.g. [35] for a recent publication. We demonstrate in
this work, theoretically and, for a model case, numerically
that, indeed, SCRPA maintains all those desirable proper-
ties for practically all situations of spontaneously broken
symmetries with the symmetry operator being of the one
body type. An exception occurs for pairing in finite sys-
tems because in the symmetry operator (the number oper-
ator) appears a hermitian piece which cannot be incorpo-
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Σ →
+
C
+
C
Fig. 8. Schematic representation of the two body mean field.
It consists of the direct interaction (full dot), the single particle
renormalisation due to two body correlations (C), and screen-
ing terms where a two body correlation is echanged between
the two lines. It should be mentioned that the two body renor-
malisations occur instantaneously as indicated when the time
runs from left to right. Also symmetric terms should be added
interchanging upper and lower lines. The tad-pole graphs are
supposed to be included in the single particle lines.
rated in the SCRPA formalism. However, in homogeneous
infinite systems, this again causes no essential problem.
Another important quality of standard RPA concerns elec-
tromagnetic gauge invariance. This was not the subject of
this work, however, let us shortly discuss how SCRPA is
coping with this issue. For example, in an instructive pa-
per by Feldman and Fulton [36], it is demonstrated in
transparent terms how standard RPA fulfils gauge invari-
ance. This property is also maintained with SCRPA. The
extra terms containing the two body correlation functions
in (14) cancel in the limit where the two open legs are
put on the same spot in position space. Actually, gauge
invarince of standard RPA as well as SCRPA can easily
be verified from (11,12). If in these equations the operator
δQαβ is transformed into r-space and the diagonal ele-
ment is taken, as demanded to show gauge invariance (see
[36], Eq. (3.69)), we immediately realise that this diagonal
operator commutes with the remainder (also written in r
space), once the Hamiltonian H is replaced by its interac-
tion part V , that is, the Coulomb interaction. Therefore,
gauge invariance is fullfilled. This argument is valid dis-
carding spin but, as shown in [36], this does not invalidate
the general proof. These considerations also entail that the
so-called ’velocity-length’ equivalence in the dipole tran-
sition is preserved [36].
We outlined the SCRPA equations first as an eigenvalue
problem but also showed how the equivalent Green’s func-
tion approach can be formulated. The SCRPA equations
are selfconsistent two body equations of the Schroedinger
type obtained variationally from the minimisation of the
energy weighted sum-rule which should be amenable to
numerical treatment for realistic problems. In the model
cases treated here and in other earlier publications, the
results are generally of very good quality improving sub-
stantially over standard RPA for instance in the vicinity
of a phase transition point.
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